The second virial coefficient for hard models of alkanes and other flexible molecules is determined numerically using a new algorithm which increases the speed of the calculations by a few orders of magnitude. For alkanes with few carbon atoms, linear and branched chains were considered and the effect of branching was analyzed. For linear hard alkanes, the second virial coefficient was computed for chains with up to 600 carbon atoms and the scaling behavior was studied. The effect of changes in the chemical structure of a flexible molecule ͑i.e., bond length, bond angle͒ was also studied. A fast and efficient empirical methodology to estimate the second virial coefficient of hard chains is given. This methodology uses ideas of convex body geometry. It is shown that the proposed methodology yields very good estimates of the second virial coefficient for chains with up to 100 monomer units, but it predicts incorrectly the scaling law. The virial coefficients provided in this work can be useful in the search of an equation of state for hard alkanes, since it is likely that a good equation of state should provide good estimates of the second virial coefficient.
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I. INTRODUCTION
In the last 15 years, the interest of the statistical thermodynamics community on flexible molecules has increased considerably. Now, a number of simulation and theoretical studies are available for these molecules. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] It is likely that perturbation theories will play a fundamental role in improving our understanding of the behavior of melts and polymer solutions. To develop these perturbation theories, one needs a good equation of state for the hard flexible model. At this point, there is a relatively good understanding of the behavior of some flexible models, such as the pearl-necklace model ͑a collection of flexible tangent hard spheres͒. For this model, second virial coefficients, 15 simulation data 6, 10 and good theoretical equations of state ͑EOS͒ are available. 10, [12] [13] [14] However, the situation is not so satisfactory for hard models of somewhat more realistic polymers as for instance the alkane series. Recently, we have presented simulation results for the EOS of repulsive n-alkanes with up to 30 carbon atoms, 16, 17 as well as a methodology to estimate the second virial coefficient. 17 In addition to the interest that the second virial coefficient of chains have per se, we found that a very good EOS could be obtained for hard n-alkanes, by forcing Wertheim's equation for tangent hard spheres 12, 13 to reproduce the estimate of the second virial coefficient as obtained from our procedure. In this way, we have proposed what we believe is the first reliable EOS for hard n-alkanes. 17 However, the situation is not fully satisfactory in several respects. First, we do not know if our estimates of the second virial coefficient of hard n-alkanes are in good agreement with the exact values. Second, very little is known on the second virial coefficient of long hard models, describing approximately the shape of a real polymer such as polyethylene. Finally, it is also interesting to analyze the role of branching on the second virial coefficient, especially for short flexible molecules.
In this work, we try to clarify some of these issues. First, we shall compute numerically the second virial coefficient of hard n-alkanes with up to 600 carbon atoms. In this way, it will be possible to determine if the methodology proposed in our previous work is indeed reliable. 17 These data can also be useful for other workers looking for good EOS of hard models of polyethylene, since one would expect that they should yield a reasonable value of the second virial coefficient. Second, we will test the general applicability of our method by comparing its predictions with the exact virial coefficient of several models. Third, the virial coefficient of branched alkanes will be computed and this will provide ideas on the effect of branching. Finally, we study the scaling behavior of the second virial coefficient of long idealized flexible molecules, with up to 1000 monomers. This study was made possible due to the use of a new algorithm which increases the speed of the numerical calculations of the second virial coefficient by a few orders of magnitude.
The scheme of this paper is as follows. In Sec. II the models used in this work and the computational details are described. In this section, a methodology to estimate the second virial coefficient of hard chains is also provided. In Sec. III, results are presented for the second virial coefficient of several flexible hard models and compared with the predictions from our methodology. In Sec. IV we analyze the data and the scaling law for the second virial coefficient of very long hard flexible chains.
II. MODELS AND CALCULATIONS

A. Models
Two kinds of hard flexible models have been considered in this work. The first one is an extension of that used in previous work, [16] [17] [18] where we attempted to mimic qualitatively the shape of linear alkanes within the united atom approach. Thus, each CH n group is modeled as a hard sphere of diameter d. The hard spheres are connected through a bond of length l, chosen such that the reduced bond length, L*ϭl/d, is set to 0.4123. The bond angle is fixed to the tetrahedral value, i.e., 109.5 degrees. The torsional degrees of freedom are treated within the rotational isomeric state approximation 19 ͑RIS͒, so that each torsional angle may adopt only three possible states: The trans (t), gauche ϩ (g ϩ ), and gauche Ϫ (g Ϫ ) states, which correspond to values of 0, 120 and Ϫ120 degrees, respectively. In this way, the number of possible conformations of a given alkane is always finite, but it becomes very large as the length of the chain is increased. A schematic representation of the model may be found in Fig. 1 of Ref. 17 .
The Hamiltonian of the system is divided into an intra and an intermolecular contribution, so that the total energy is given by:
The intermolecular potential between the molecules is given by a site-site hard sphere interaction, while the intramolecular interaction is divided into a short range part and a long range part, following Flory's division. 19 The long range part corresponds to a hard sphere interaction between monomers ͑i.e., hard spheres͒ five or more bonds apart. The short range interaction is given by the following expression:
where n g is the number of pairs of carbon atoms three bonds apart which are in a relative configuration of type gauche and n g ϩ g Ϫ is the number of pairs of carbon atoms four bonds apart whose relative configuration is either a g ϩ g Ϫ or g Ϫ g ϩ sequence. For linear chains, Eq. ͑1͒ is equivalent to the procedure introduced by Flory, which has been used in a previous study of the second virial coefficient of n-alkanes with attractive forces. 20 In this work, we shall use Eqs. ͑1͒-͑2͒ for both linear and branched chains, with E 1 ϭ3337.83 J/mol and E 2 ϭ11711.43 J/mol. 21 A rigorous description of branched alkanes would involve an individual study of the short range intramolecular interactions for each molecule, but in this work we keep the potential as simple as possible and focus on the effect of branching on the second virial coefficient.
In what follows, this hard alkane model will be denoted as the Flory-like model. It should be noted that the relative populations of the different conformers are temperature dependent through the short range intramolecular interactions, so that B 2 is also temperature dependent. We have thus used a constant temperature of Tϭ366.88 K for all the calculations, as in previous work. [16] [17] [18] Additionally, the previous model has been extended to describe what may be considered as the RIS approximation to the well known pearl-necklace model. 6, 10 This has been achieved by setting the reduced bond length to one and the short range intramolecular energy parameters to zero (L* ϭ1, E 1 ϭE 2 ϭ0 J/mol͒. To keep the number of conformers finite, the bond angle has been set to 104.4775 degrees, which is approximately the average angle of tangent hard sphere trimers. Note that, contrary to the Flory-like model, the conformational properties of this pearl-necklace-like model do not depend on temperature.
B. Numerical evaluation of B 2
The second virial coefficient of a flexible molecule is calculated from the average Mayer function according to the following equation:
where R CM is the distance between the centers of mass of the molecules, ͗͘ conf denotes a weighted conformational average ͑where the weight is the Boltzmann factor of the intramolecular energy͒ and the Mayer function for a pair of conformers is given by:
In this equation, U inter i j (R CM , i , j ) is the energy between conformers i and j with relative orientations given by the set of angles i and j , ͗͘ ori denotes an unweighted orientational average, and ␤ is defined as ␤ϭ1/(k B T) where k B is the Boltzmann constant. For the RIS models, the number of conformers remains finite, so that Eq. ͑3͒ may be rewritten as:
where x i and x j are the molar fractions of the conformers i and j, respectively, q is the total number of conformers of the molecule and the B i j 's are obtained from integration of f i j . The molar fraction of each conformer is proportional to the Boltzmann factor of the intramolecular energy exp(Ϫ␤U intra ). For a given relative orientation of a pair of selected conformers, we have evaluated exp(Ϫ␤U inter i j (R CM , i , j )) exactly at 999 points of R CM , ranging from 0 to about five times the mean radius of gyration. This otherwise prohibitively expensive calculation was done by using a new algorithm which requires one single calculation of the interatomic distances for all the points in the R CM segment. Details of this procedure may be found in Appendix A. The orientational averages required to calculate the f i j 's from the intermolecular Boltzmann factor were then evaluated by means of Conroy's multidimensional integration method, 22, 23 while the B i j 's were calculated from numerical integration ͑using Simpson's rule͒ of the latter function. For molecules with up to eight monomer units, the orientational averages were calculated using 76 079 relative orientations, while 4822 orientations were used for bigger molecules.
The way the conformational average is evaluated depends greatly on the size of the molecules considered. All the conformers of molecules with three or less torsional angles may be enumerated without problems, so that the conformational average was evaluated exactly, by exhaustive enumeration. On the other hand, the number of pairs of different conformers of molecules with more than three torsional angles becomes prohibitively large, so that the average was evaluated approximately, by randomly selecting pairs of independent conformations, as obtained from a Monte Carlo simulation of the isolated chain. For the virial coefficients of mixtures of butane and long n-alkanes, the conformational population of butane was weighted exactly, while that of the long n-alkanes was weighted by randomly selecting conformers from the MC simulation.
The samples of representative conformers were produced by means of a standard MC algorithm, where trial configurations are accepted or rejected according to the Metropolis criterion. 24 Trial configurations were produced using the pivot algorithm, 25 where an initial configuration is transformed into another by randomly choosing and rotating a torsional angle.
The size of the MC samples ranged from 2000 conformers for chains of 200 or less monomers to 1000 for chains of 400 and 600 monomers, while the number of pairs of conformers chosen to calculate B 2 was roughly equal to the number of conformers of the sample used.
C. Empirical estimation of B 2
In this work we shall also try to estimate the second virial coefficient of hard chains by using convex body geometry [26] [27] [28] ͑CBG͒. One of the first attempts to introduce CBG ideas in the search for EOS of chains was that of Enciso et al. 29 Recently, we have introduced a new methodology 17 which allows to estimate correctly the second virial coefficient of linear chains. Here we shall describe the procedure briefly and we refer the reader to Ref. 17 for further details.
We expect that the virial coefficients of two conformers of the same molecule are not too different, as there are almost no volume differences and the shape is roughly similar. We may then expect that the crossed virial coefficient may be approximately given by the following equation, denoted as Approximation 1:
By replacing Eq. ͑6͒ into Eq. ͑5͒ we obtain:
Let us now define the nonsphericity parameter of conformer i, ␣ i , by the relation:
where V i is the molecular volume of conformer i. In Ref. 17 we propose a methodology to estimate ␣ i by using CBG which we shall denote as Approximation 2. According to this methodology, the nonsphericity of a linear chain conformer may be estimated by means of standard convex geometry relations, provided that the mean radius of curvature of the conformer, R i , is considered as that of an equivalent parallelepiped. This leads to the following equation:
where S i is the surface of conformer i, R i is the mean radius of curvature of the equivalent convex body and the second term of the r.h.s. is a correcting term that ensures that the nonsphericity of the all-trans conformer is given almost exactly. The subindex tt..t stands for the all-trans conformer and L tt..t is the distance between the first and the last carbon atom in this configuration. In order to extend Eq. ͑9͒ to branched alkanes we need a prescription for the correction term. The choice we have taken is to define it equal to that of the n-alkane with the same number of carbon atoms ͑e.g., for 2,3-dimethyl pentane we shall use the correction term for n-heptane͒.
Finally, by approximating the average of the product of ␣ i V i to the product of the separated averages of ␣ i and V i ͑a very good approximation, as the different conformers present different values of ␣ i but very similar values of V i ͒, the estimate of the second virial coefficient for the chain, either linear or branched, is given by:
where the bar denotes the weighted conformational average. The volume and surface required for the calculation of ␣ i for a given conformer is evaluated by an exact numerical procedure developed by Dodd and Theodorou. 31 The radius of curvature is evaluated following the procedure described in Ref. 17. The conformational average is then evaluated in a similar manner as that described in the previous section. For molecules with up to five torsional angles, the conformational averages could be calculated exactly by exhaustive enumeration, while those with more than five torsional angles required a MC averaging.
In the next section we present the results of this work.
III. RESULTS
We shall start presenting results for the Flory model. There are two questions which we would like to answer concerning the second virial coefficient of hard alkanes, namely, ͑i͒ how sensitive is it to the conformation of the chain?; and ͑ii͒ how sensitive it is to the effect of branching? The first question tries to explain the effect of flexibility, while the second one tries to explore the differences between different isomers. Let us now focus on the first issue. In Ref.
18 the second virial coefficient was evaluated for different conformers of hard n-alkanes. Moreover, the exact values were compared 17 with the approximated values obtained from convex body theory as described in the previous section. The agreement was found to be good. Here, we shall therefore focus on branched alkanes, for which no result has been so far reported.
In Table I , we present the second virial coefficient for different conformers of the molecule of 2-methyl pentane and 2,3,4-trimethyl pentane. These results were obtained by fixing the conformation of the alkane and determining the second virial coefficient between two identical conformers as if they were considered rigid bodies. As it can be seen, the second virial coefficient changes significantly from one conformer to another, usually decreasing with the number of gauche bonds. It is also clear that, as the number of gauche bonds in the molecule increases, the molecule becomes more spherical ͑i.e., the nonsphericity parameter takes lower values͒. The convex body method proposed is able to grasp all of this features and the predicted values are in good agreement with the exact ones.
We now focus on the second issue, i.e., the variation of the second virial coefficient with branching. In Table II , we present results of the second virial coefficient for different hard alkanes. By comparing molecules with the same number of carbon atoms, the following conclusions can be obtained:
͑1͒ For alkanes with the same number of carbon atoms, the second virial coefficient decreases when going from the n-alkane to the branched alkane. This effect increases as the number of branches increases. ͑2͒ For two branched alkanes which differ only in the location of the branch, the one with the branch closer to the middle of the main chain will present a smaller value of the second virial coefficient ͑compare for instance 2-methyl pentane and 3-methyl pentane or 2,2 dimethyl pentane and 3,3 dimethyl pentane͒. ͑3͒ Two methyl groups on a certain carbon provoke a larger reduction than an ethyl group on the same carbon atom ͑compare for instance 3,3 dimethyl pentane and 3-ethyl pentane͒. The results of Table II show clearly the big differences in the second virial coefficient between linear and branched alkanes. For instance, for alkanes with eight carbon atoms, the variations in B 2 can be of up to 20% and differences are expected to be larger for longer chains.
Once more, comparing the numerical values of B 2 with those obtained by using CBG, it can be seen that the agreement is quite good. We have also implemented the methodology proposed by Alejandre et al. 32 ͑which differs from ours in the choice of the equivalent convex body from which the mean radius of curvature is taken͒. In general, the treatment of this work is somewhat better than the latter method.
We shall analyze now the effect of changing the bond length or bond angle on the second virial coefficient of linear chains. In Table III , results are presented for the Flory model as described in the previous section, for chains with a number of carbon atoms in the range 10-600. We also show, for chains with up to 100 monomers, the results obtained for several modifications of the Flory model, namely, a model with the bond angle increased to 120 degrees ͑Open model͒ and a model with the bond length increased to L*ϭ1 ͑Long Model͒. Also in Table III we present results for the pearlnecklace-like model described in the previous section. In Table III , the exact and predicted second virial coefficients are shown in units of the molecular volume, so that the results of the different models may be compared without regard to the change in volume.
Inspection of Table III leads to the following conclusions:
͑1͒ The increases of the bond length or bond angle provokes an increase in the value of B 2 /V . In other words, the molecule becomes more anisotropic when increasing either the bond length or bond angle. These trends were anticipated in Ref. 17 , based on our methodology to estimate virial coefficients from convex body theory but it is confirmed here by exact numerical determination of the virial coefficients. ͑2͒ The estimates of the second virial coefficient are quite good for all the models, thus showing that the methodology proposed is quite general and can be successfully used for general chain models, regardless of the bond length, angle or torsional energy.
From the results of Tables I-III it is clear that the convex body methodology proposed to estimate the second virial coefficient is reliable. This success is a consequence of two facts. The first is that the second virial coefficients are correctly predicted for the different conformers of a given alkane, as was shown in Table I , while the second is that the approximation represented by Eq. ͑6͒ is indeed excellent.
To show that this is so, we present Table IV , where exact results for the crossed coefficients of a few pairs of conformers of C 200 are compared with those obtained from Approximation 1. The agreement is good, the typical error being of about 1.5%. We also show a comparison between ͑1͒ the average of 45 exact crossed virial coefficients, B i j , obtained from a randomly selected sample of 10 conformers, and ͑2͒ the average of the corresponding 10 B ii 's, for several Table IV͒ with those of  the first part of Table III , it can be seen that the average of 10 B ii alone is already a very good estimate of the actual B 2 as calculated from an average of the B i j of 2000 pairs of conformers. This surprising result will be used in the next section to estimate the second virial coefficient of chains with up to 1000 monomers.
We have compared the B 2 obtained for the pearlnecklace-like model ͑see 30 , 60 and 100, respectively ͑the results were obtained by interpolation whenever required͒. As it can be seen, the results for the two models are quite similar. Although this is somewhat expected, it is certainly surprising that both models agree so closely. Recall that the models differ in the fact that the bond angle was fixed in our calculations, whereas the true model is fully flexible ͑as far as the spheres do not overlap͒ and that we use the RIS approximation ͑only three angles are used for each torsional degree of freedom͒, whereas the true pearl-necklace model can adopt any value of the torsional angle.
Finally, we have evaluated numerically the second virial coefficient for pairs of n-alkanes ͑as described by the Flory model͒ of very different length ͑i.e., C 4 ϩC 60 , C 4 ϩC 100 , C 4 ϩC 200 , and C 4 ϩC 400 ͒. The results are shown in Table V , along with the predictions obtained from two different methods. The first one is based on an exact equation for the B 2 of two convex bodies, 1 and 2, of different size:
We have used this equation for alkanes of different size, with V, S and R replaced by their mean values and the results are shown in the third column of Table V . The agreement is seen to be reasonable but it deteriorates considerably for large size differences. On the other hand, the following empirical equation is seen to predict the results with an error of less than 5% as it can be seen in Table V :
͑12͒
Equation ͑12͒ was obtained after an algebraic analysis of Eq. ͑39͒ of Ref. 17 . In turns out that the approximation given by Eq. ͑39͒ of our previous work 17 contains implicitly a prescription for B 12 of the mixture which is just that given by Eq. ͑12͒. Notice that Eq. ͑12͒ reduces to Eq. ͑6͒ when the two molecules have the same volume as it is almost the case for two conformers of the same chain. The good results of Eq. ͑12͒ explain the success of the EOS for mixtures proposed in Ref. 17 . Equation ͑12͒ is quite successful in predicting the crossed second virial coefficient of chains with large differences in size. However, for true convex bodies with large differences in size ͑i.e., mixtures of hard spheres͒ Eq. ͑12͒ is poor whereas in this case Eq. ͑11͒ is exact.
The results presented so far have illustrated the role of conformation, branching and geometrical parameters ͑bond length, angle͒ on the second virial coefficient. Moreover, it has been shown that the methodology proposed previously gives good estimates of the second virial coefficient of chains with up to 100 monomer units, while it reduces the cost of the computations by several orders of magnitude. One obvious question which arises is whether the methodology proposed, based on CBG, correctly predicts the second virial coefficient of polymers ͑i.e., very long chains͒. We shall analyze this question in the following section.
IV. THE VIRIAL COEFFICIENT OF VERY LONG CHAINS
The study of the virial coefficient of very long hard chains has interest per se. Experimentally, the osmotic second virial coefficient of polymers under good solvent conditions can be measured and it is thought that it behaves as the second virial coefficient of a hard long chain. 34, 35 From a computational point of view, the calculation of the virial coefficient of hard chains presents at the moment some practical difficulties. With the computers now available, the limit in the numerical calculation seems to be located at about 500 monomer units. 33, [36] [37] [38] Although this is a large number, it is still small compared to the number of monomers of typical polymers ͑i.e., 1000-1 000 000͒. Theoretically, de Gennes 39 has developed a model for the scaling of the second virial coefficient of very long chains. Experimental 35 work and recent numerical calculations 15, 36, 38 seem to confirm de Gennes' ideas. In this section we analyze whether the CBG methods can predict correctly the scaling laws for the second virial coefficient of chains.
In Table III , the second virial coefficient for the Flory model with up to 600 carbon atoms was presented. It can be seen that, although the convex body methodology is quite successful for molecules with up to 100 monomers, it fails for bigger molecules. As it will be shown now, this is due to the fact that the CBG methodology predicts an incorrect scaling.
According to de Gennes, the ratio of the second virial coefficient of the chain divided by the mean squared radius of gyration to the 3/2 power yields a constant in the limit of very long chains. This behavior is usually described in terms of the so-called interpenetration factor, defined by the following ratio:
where ͗S 2 ͘ is the mean squared radius of gyration.
Evidence that Eq. ͑13͒ is correct comes from experimental work and from recent numerical calculations, 15, 36, 38 as well as from our own results.
In Table VI , we show the ͗S 2 ͘ and for the Flory-like model and for the pearl-necklace-like model. Also shown are the B 2 for the latter model for chain lengths of up to 1000 monomers. The B 2 for chains of up to 600 monomers were calculated as explained in Sec. II A, while those of chains of 800 and 1000 monomers were calculated by averaging 250 B ii . As discussed in the previous section we believe that this procedure provides an accurate estimate of the second virial coefficient.
In Fig. 1 , is plotted for the Flory-and the pearlnecklace-like model. As can be seen, seems to reach a constant value of 0.26-0.27 for both models, in good agreement with renormalization group theory 40 and with previous numerical work. 36 According to Eq. ͑13͒, B 2 scales as ͗S 2 ͘ 3/2 . In good solvent conditions ͑i.e., for hard intramolecular interactions͒ it is well known that ͗S 2 ͘ scales as:
where N is the number of monomer units. The best estimate of now available is 0.588. 41 We checked the scaling law for the mean squared radius of gyration for the chain models of this work and found excellent agreement with Eq. ͑14͒ and the value ϭ0.588. Therefore, according to de Gennes, B 2 scales as: and our results support this conclusion ͑in agreement with previous work by other authors͒. Which is the scaling law predicted by the convex body treatment? According to this treatment:
͑16͒
Now, both the molecular surface and volume scale as N, whereas the mean radius of curvature as obtained from our methodology scales as the mean radius of gyration ͑see further discussion of this issue in Appendix B͒. Therefore, the CBG predicts:
.
͑17͒
Numerical analysis of the scaling law of our estimates of B 2 from the CBG was found to be consistent with Eq. ͑17͒. By comparing Eq. ͑17͒ with Eq. ͑15͒ one concludes that the scaling law predicted by the CBG methodology to estimate B 2 is wrong. When the Alejandre et al. 32 recipe is used to predict the mean radius or curvature, the same qualitatively wrong behavior is obtained. In fact, the predicted virial coefficients are low for very long chains, which can be understood by looking at the different scaling laws presented by Eq. ͑15͒ ͑right͒ and Eq. ͑17͒ ͑wrong͒. We have also tried to take the mean radius of curvature of the chain from another convex body, as for instance a hard ellipsoid 42 with three different lengths for the main semi-axes, but the results do not improve. In fact, according to Eq. ͑17͒, the convex body ideas fail to predict the scaling law of the second virial coefficient of very long chains, regardless of the choice of the convex body from which the mean radius of curvature is taken, since it always leads to a radius of curvature which scales as the mean radius of gyration. However, as described in the previous section, it can be used successfully to predict the virial coefficients of chains with less than 100 monomer units.
Finally, let us discuss briefly the site-site correlation function in the limit of zero density for some of the chains of this work. ͓The reader is referred to Appendix C ͑method 1͒ for details of the calculations.͔ Let us denote by g kl (r) the site-site correlation function between site k of one molecule and site l of another molecule when averaged over all pair of conformers. Although the behavior of the individual g kl (r) has some interest, it is obvious that for long chains it is more interesting to discuss the behavior of the site-site correlation function averaged over all pair of sites. This site-site correlation function is defined as:
In Fig. 2 g(r) is plotted for the pearl-necklace-like model when Nϭ10, 30, 60 . Some obvious features are:
͑1͒ The value of g at contact (rϭ) decreases with the length of the chain. In fact, it seems to go to zero for very long chains. ͑2͒ The correlation hole ͓where g(r) is less than 1 by more than 2%͔ is of the order of three times the mean radius of gyration of the molecule.
͑3͒
At zero density the site-site correlation function reaches an asymptotic form for large values of N when the sitesite distance is scaled by the the mean radius of gyration.
We have also obtained the individual ḡ kl at zero density for the hard alkane models considered in this work ͑linear and branched͒. These site-site correlation functions are needed for the implementation of the mean field perturbation theory of alkanes presented in the following paper. Second virial coefficients and site-site correlation functions of alkanes ͑linear and branched͒ obtained in this work will be used for the implementation of this perturbation theory.
V. CONCLUSIONS
In this work we have computed numerically the second virial coefficient for hard models of both linear and branched alkanes. It is found that branching reduces the value of the second virial coefficient when compared to a linear chain with the same number of carbon atoms. When branching occurs in the middle of the chain, this decrease is more pronounced. Furthermore, when branching occurs in a given position, two methyl groups reduces more efficiently the second virial coefficient than an ethyl group. The results of this work show that branching changes substantially the second virial coefficient of hard alkane chains. It is expected that this difference will also be reflected in the equation of state. This expectation is born from the fact that a very good EOS for hard n-alkanes has been recently proposed where the solely knowledge of B 2 was enough to predict the compressibility factor in all the density range. Agreement between this EOS and simulation was very good for linear chains. We expect this to be also true for branched alkanes.
A simple prescription to estimate the crossed virial coefficient was provided and good agreement with the numerical data was found. Virial coefficients for a pearl-necklacelike model were also determined. In this model the bond angle was fixed and only three discrete values were allowed for the torsional angles. A comparison was made with a model with no restrictions on the bond and torsional angles. Differences between both models were very small. A methodology based on convex body geometry is proposed to estimate the second virial coefficient of chains. It has been shown that this methodology predicts correctly the second virial coefficients of the different conformers of branched alkanes. For linear chains this was also shown in previous work. The second virial coefficient between different conformers can be also correctly estimated from a simple prescription ͓i.e., Eq. ͑6͒ of this work͔. These two facts lead to a quite good estimate of the second virial coefficient of linear and branched alkanes. The method seems to work properly for chains with up to 100 monomer units. For longer chains the methodology fails and the scaling law of the second virial coefficient predicted by this approximate method is not correct.
Finally, some results were presented for the site-site correlation function of the pearl-necklace-like model in the limit of zero density. It is shown that the contact value of the site-site correlation function tends to zero as the length of the chain increases. Also the region where the site-site correlation function is less than one increases with the size of the chain, and it is roughly of the order of several times the mean radius of gyration of the molecule.
The results presented in this work will be used in the perturbation theory of alkanes proposed in the following paper. 
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APPENDIX A: THE MAYER FUNCTION OF POLYMERS FROM A COLLISION ALGORITHM
The algorithm we use in this work is based on the fact that the history of all the collisions of two conformers at fixed relative orientation as they are moved along the intermolecular center of mass vector, R CM , may be determined by a single evaluation of the interatomic distances. In this way one can reduce the computational cost with respect to traditional methods by as many times as there are nodes in R CM .
Consider two conformers, i and j, whose center of mass is placed at the origin of a laboratory reference frame. Let where k is a unit vector along the z axis. Subtracting r k 0 from r l n it may be trivially shown that the condition for overlapping of the spheres is given by: b kl is the well-known impact parameter of collision theory and the plus and minus sign in the first term of the r.h.s. describe whether the collision occurs at the right or at the left of sphere k, respectively.
Let us now divide all the possible pairs of atoms ͕k,l͖, into three different categories, depending on the number of roots they have in Eq. ͑A2͒: 1. Those pairs that will never collide ͑no roots͒, which we may ignore. These pairs are determined from either of two conditions:
͑a͒ b kl 2 Ͼ 2 , ͑b͒ ⌬z kl 0 Ͼ0 and 2 Ͻ⌬z kl 0 ϩb kl 2 .
2. Those pairs that initially overlap ͑one root͒, which may be determined from the condition 2 Ͼ⌬z kl 0 ϩb kl 2 . For each of these pairs we calculate the value of n, h kl , such that overlap no longer occurs. 3. Those pairs that will eventually overlap ͑two roots͒, which are determined from the condition 2 Ͻ⌬z kl 0 ϩb kl 2 and ⌬z kl 0 Ͻ0. For each of the pairs in this group we calculate, ͑i͒ the value of n, m kl , for which overlap will begin to occur and ͑ii͒ the value of n, o kl , where overlap will stop occurring.
Once the sets ͕h kl ͖, ͕m kl ͖ and ͕o kl ͖ are determined, the Mayer function for the orientation i , j may be evaluated for all the nodes of R CM , R CM,n , by the iterative procedure described below:
1. If ͕h kl ͖ is not an empty set, find its biggest element, h i j and set f (R CM,n )ϭϪ1 as long as nϽh i j .
2. If ͕h kl ͖ is an empty set, ͑a͒ find the smallest element of ͕m kl ͖, m i j and set f (R CM,n )ϭ0 as long as nϽm i j , ͑b͒ set f (R CM,n )ϭϪ1 for all n such that m i j рnϽo i j .
3. Update the set of ͕h kl ͖ by including those elements of ͕o kl ͖ such that m kl ϽnϽo kl . Also, exclude these elements from ͕m kl ͖ and ͕o kl ͖. 4. Repeat the procedure until ͕h kl ͖, ͕m kl ͖ and ͕o kl ͖ become empty sets.
The algorithm described is useful for a system of hard spheres but it may be easily extended to molecules where the interaction site is a hard sphere plus a square well.
APPENDIX B: SCALING LAW OF B 2 AS OBTAINED FROM CONVEX BODY GEOMETRY
In this Appendix we derive the scaling law of B 2 as predicted from the empirical method proposed in Ref. 17 and used in this work.
